We describe an algorithm for the exhaustive generation of non-isomorphic graphs with a given number k ≥ 0 of hamiltonian cycles, which is especially efficient for small k. Our main findings, combining applications of this algorithm and existing algorithms with new theoretical results, revolve around graphs containing exactly one hamiltonian cycle (1H) or exactly three hamiltonian cycles (3H). Motivated by a classic result of Smith and recent work of Royle, we show that there exist nearly cubic 1H graphs of order n iff n ≥ 18 is even. This gives the strongest form of a theorem of Entringer and Swart, and sheds light on a question of Fleischner originally settled by Seamone. We prove equivalent formulations of the conjecture of Bondy and Jackson that every planar 1H graph contains two vertices of degree 2, verify it up to order 16, and show that its toric analogue does not hold. We treat Thomassen's conjecture that every hamiltonian graph of minimum degree at least 3 contains an edge such that both its removal and its contraction yield hamiltonian graphs. We also verify up to order 21 the conjecture of Sheehan that there is no 4-regular 1H graph. Extending work of Schwenk, we describe all orders for which cubic 3H triangle-free graphs exist. We verify up to order 48 Cantoni's conjecture that every planar cubic 3H graph contains a triangle, and show that for every k that is 0 or at least 4 there exists a planar cyclically 4-edge-connected cubic graph with exactly k hamiltonian cycles. Finally, complementing work of Sheehan on 1H graphs of maximum size, we determine the maximum size of graphs containing exactly one hamiltonian path and give, for every order n, the exact number of such graphs on n vertices and of maximum size.
Introduction
In 1946, Smith showed that every edge in a cubic graph is contained in an even number of hamiltonian cycles; see Tutte's paper [34] or Berge's book [3, pp. 189-190] . Thus, a hamiltonian cubic graph contains at least three hamiltonian cycles, so among cubic graphs there exist no graphs with exactly one hamiltonian cycle, i.e. uniquely hamiltonian graphs. Strengthening Smith's result, Thomason proved in 1978 that in a graph containing only vertices of odd degree, every edge is contained in an even number of hamiltonian cycles [30] . Thus, uniquely hamiltonian graphs without vertices of even degree, and in particular kregular uniquely hamiltonian graphs do not exist for odd k. What about even k? Using Lovász' Local Lemma, Thomassen [33] proved that k-regular uniquely hamiltonian graphs do not exist for even k ≥ 300, and with a careful choice of parameters his theorems give 73 instead of 300. This was improved by Haxell, Seamone, and Verstraete [16] to k ≥ 23. Sheehan conjectured that there are no 4-regular uniquely hamiltonian graphs [27] . By Petersen's 2-Factor Theorem, the truth of this conjecture would imply that cycles are the only regular uniquely hamiltonian graphs.
In another article [28] , Sheehan studied the maximum size of uniquely hamiltonian graphs and proved that such a graph on n vertices contains at most n 2 4 + 1 edges. He provides for each n ≥ 3 an n-vertex uniquely hamiltonian graph of maximum size and states that these are the only uniquely hamiltonian graphs of this size. Barefoot and Entringer [2] proved that Sheehan erred for n ≥ 9 by showing that for every n ≥ 7 there exist exactly 2 n 2 −4 uniquely hamiltonian graph of maximum size.
Thomason's aforementioned result implies that a uniquely hamiltonian graph must have at least two vertices of even degree. This relationship between a graph's degrees and whether or not it is uniquely hamiltonian raises some natural questions, for instance: are there uniquely hamiltonian graphs of minimum degree 3? Entringer and Swart answered this question affirmatively by describing an infinite family of nearly cubic graphs, i.e. graphs with exactly two vertices of degree 4 and all other vertices cubic [11] . Fleischner [12] recently showed that there exist uniquely hamiltonian graphs in which every vertex has degree 4 or 14.
Bondy and Jackson [4] proved that a uniquely hamiltonian graph of order n has at least one vertex of degree at most c log 2 8n + 3, i.e. the minimum degree cannot be greater than this number, where c ≈ 2.41. Abbasi and Jamshed [1] improved this to c log 2 n + 2, where c ≈ 1.71. In their article, Bondy and Jackson were particularly interested in planar uniquely hamiltonian graphs. They showed that such a graph must contain at least two vertices of degree 2 or 3, and conjectured that every planar uniquely hamiltonian graph contains at least two vertices of degree 2.
This paper is structured as follows. In Section 2 we describe our algorithm for the generation of graphs with "few" hamiltonian cycles-we emphasise that this includes the important class of non-hamiltonian graphs. Thereafter, in Section 3, we present new theoretical results which we combine with the conclusions derived from our implementation of the generation algorithm, as well as existing algorithms. More specifically, in Section 3.1 we determine all orders for which uniquely hamiltonian nearly cubic graphs exist, thereby giving the strongest form of a theorem of Entringer and Swart [11] . This result extends work of Royle [24] and addresses a question of Fleischner [12] originally settled by Seamone [26] . We give equivalent formulations of the conjecture of Bondy and Jackson [4] mentioned above, verify it up to order 16, but also present a uniquely hamiltonian graph on the torus with exactly one 2-valent vertex. We also treat the conjecture of Thomassen [32] that every hamiltonian graph G of minimum degree at least 3 contains an edge e such that both G − e (remove the edge but not its endpoints) and G/e (contract the edge) are hamiltonian. It is elementary to see that Thomassen' s conjecture holds for all graphs with at least two hamiltonian cycles, but it is open for uniquely hamiltonian graphs. We present the orders of all hamiltonian 4-regular graphs up to order 21 with the minimum number of hamiltonian cycles, extending work of Haythorpe [17] . This verifies up to order 21 Sheehan's conjecture [27] that no 4-regular uniquely hamiltonian graph exists.
In Section 3.2, motivated by a classic result of Smith, we study cubic graphs with exactly three hamiltonian cycles. Note that these three hamiltonian cycles together cover each edge exactly twice and thus form a cycle double cover. There exist small such graphs of girth 3 in abundance-however, we show that up to order 32 there are only two cubic triangle-free graphs containing exactly three hamiltonian cycles (two generalised Petersen graphs), but that starting from order 34 every even order is covered. This extends a result of Schwenk [25] . Making use of a theorem of Thomason [30] , we prove that a graph in which every vertex has odd degree and which has exactly p hamiltonian cycles, where p is prime, must be 3connected. Thus, any counterexample to Cantoni's conjecture [35] stating that every planar cubic graph with exactly three hamiltonian cycles contains a triangle, is 3-connected. We verify this conjecture up to order 48. We also show that for every k that is 0 or at least 4 there exists a planar cyclically 4-edge-connected cubic graph with exactly k hamiltonian cycles, while by Thomason's result mentioned in the first paragraph, no such graph exists for k ∈ {1, 2}. For many of the above conjectures we establish significantly better bounds if a lower bound on the girth is imposed.
In Section 3.3, naturally complementing work of Sheehan [28] on the size of uniquely hamiltonian graphs, we give structural results on graphs containing exactly one hamiltonian path and determine their maximum size using a result of Barefoot and Entringer [2] . We also give the exact number of such graphs of maximum size. The paper ends with Section 3.4 in which we briefly comment on the implementation of our algorithm and on correctness testing. The total computational effort for this project amounted to 40 CPU years.
Generation of graphs with few hamiltonian cycles
We describe an algorithm to generate all pairwise non-isomorphic graphs of a given order n, containing, for a fixed non-negative integer k, exactly k hamiltonian cycles. More specifically, in Section 2.1 we present an algorithm for generating uniquely hamiltonian graphs, while in Section 2.2 we describe how this algorithm can be extended to generate graphs with k = 1 hamiltonian cycles efficiently. Our experiments indicate that our algorithm is significantly more efficient than previous algorithms for k ≤ 7. To the best of our knowledge, all previously available methods to generate exhaustively graphs with exactly k hamiltonian cycles consisted in using a program such as geng [19, 21] to generate all graphs with a given order, to then use a separate program to count the number of hamiltonian cycles of the generated graphs, and finally to filter the graphs with the desired number of hamiltonian cycles.
In Section 3 we present the computational results which we obtained with our implementation of this algorithm, together with new theoretical results. In Section 3.4 we report the running times of the algorithm and how we tested the correctness of our implementation.
Generation of uniquely hamiltonian graphs
To generate all uniquely hamiltonian graphs of a given order n, we start the algorithm from a cycle of order n and, in essence, recursively add edges to it in all possible ways as long as the graph stays uniquely hamiltonian. It is clear that all uniquely hamiltonian graphs of order n can be obtained in this way.
To guarantee that the algorithm does not output isomorphic copies, we use McKay's canonical construction path method [20] . In order to use this approach, we first have to define a canonical reduction which is unique up to isomorphism. An expansion is an operation which constructs a larger graph from a given graph, while the reverse operation is called a reduction. We call an expansion that is the inverse of a canonical reduction a canonical expansion. The two rules of the canonical construction path method are:
1. Only accept a graph if it was constructed by a canonical expansion.
2. For every graph G to which expansion operations are applied, only perform one expansion from each equivalence class of expansions of G.
The pseudocode of our algorithm to generate all uniquely hamiltonian graphs of order n can be found in Algorithm 1 (recall that we start the algorithm from a cycle of order n). We will now explain how we applied the canonical construction path method for the generation of uniquely hamiltonian graphs. In Theorem 2.1 we then prove that our algorithm indeed generates all pairwise non-isomorphic uniquely hamiltonian graphs of a given order n. Add edge ab to G 6: if this expansion was canonical and G is still uniquely hamiltonian then 7:
Remove edge ab from G 10: end for In our case, there is only one expansion operation: to insert an edge between two nonadjacent vertices. We implement the second rule of the canonical construction path method by first computing the orbits of all pairs of non-adjacent vertices and only applying the expansion operation for one representative pair from each orbit. (We use the program nauty [19, 21] to determine all generators of the automorphism group of a graph. Thereafter, we use a union-find algorithm to determine the orbits of pairs of non-adjacent vertices.)
A reducible edge is an edge e in G for which G − e is still uniquely hamiltonian. So every edge of G is reducible, except for the n edges of the unique hamiltonian cycle of G. For the first rule of the canonical construction path method we first have to define a canonical reduction which is unique up to isomorphism. In order to do so efficiently, we assign a 9tuple (x 0 , . . . , x 8 ) to every reducible edge of a uniquely hamiltonian graph G and define a canonical edge as a reducible edge with the lexicographically maximal value for this 9-tuple. The canonical reduction is defined as the reduction of a canonical edge.
We denote with h the hamiltonian cycle of G. For a reducible edge e = ab, the invariants x 0 , . . . , x 6 are invariants of increasing discriminating power and cost and are defined as follows:
• x 0 (x 1 ) is the maximum (minimum) of the degrees of a and b.
• x 2 is the negative of the minimum length between a and b on h. • x 5 is the number of common neighbours of a and b.
• x 6 is the negative of the number of vertices at distance at most 2 of a and b.
The values x 0 , . . . , x 6 are invariant under isomorphisms, but in principle two non-equivalent edges can have the same value for (x 0 , . . . , x 6 ). Therefore we define {x 7 , x 8 } as the lexicographically largest label of an edge which is in the same orbit as e in the canonical labelling of the graph. (We use the program nauty [19, 21] to compute a canonical labelling.)
For the correctness of the algorithm it would be sufficient only to compute the values of x 7 and x 8 , but as computing a canonical labelling is computationally expensive, it is much more efficient to use the other invariants x i , 0 ≤ i ≤ 6, as well.
More specifically, we first compute the value of x 0 and x 1 for every reducible edge of the graph. Since we require a canonical edge to have maximal value for (x 0 , . . . , x 8 ), we only need to compute x i+1 for the reducible edges which have maximal value for (x 0 , . . . , x i ). Furthermore, if the edge e which was added by the last expansion operation is no longer in the list of reducible edges with maximal value for (x 0 , . . . , x i ), we do not have to compute x i+1 as we already know that our last expansion was not canonical. Similarly, if e is the only edge with maximal value for (x 0 , . . . , x i ), we do not have to compute x i+1 as we already know that our last expansion was canonical.
The discriminating power of the invariants x 0 , . . . , x 6 is sufficient to avoid the more expensive computation of x 7 and x 8 . For example, this is so in 99.4 % of the cases for n = 11. Finally, note that the invariants x 0 and x 1 allow a look-ahead: in many cases it is easy to determine upfront that inserting an edge between two non-adjacent vertices {a, b} cannot be canonical as there will be other edges with a larger degree vector.
The proof of Theorem 2.1 is analogous to the corresponding arguments in the proofs of other generation algorithms-nevertheless, we have chosen to include it for completeness' sake.
Theorem 2.1. When Algorithm 1 is applied to an n-cycle, it outputs exactly one representative of every isomorphism class of uniquely hamiltonian graphs of order n.
Proof. First we prove that at least one representative of every isomorphism class of uniquely hamiltonian graphs of order n is generated. Assume by induction on the number of edges m that every uniquely hamiltonian graph of order n with at most m edges is generated and accepted by the algorithm. Consider a uniquely hamiltonian graph G of order n with m + 1 edges. Since m + 1 > m ≥ n, G contains a reducible edge, thus also a canonical edge e = ab. By definition G − e is uniquely hamiltonian, so by induction a graph H isomorphic to G − e was generated. Let γ be an isomorphism from G − e to H. The graph H has a pair of non-adjacent vertices e = {c, d} which are in the same orbit of non-adjacent vertices as {γ(a), γ(b)} to which the edge insertion operation is applied. This produces a graph H + e which is isomorphic to G and let γ be an isomorphism from G to H + e . e is in the same orbit of edges as γ (e) under the action of the automorphism group of H + e . This implies that e has maximal value for (x 0 , . . . , x 8 ), so H + e is accepted by the algorithm. Now we show that at most one representative of every isomorphism class of uniquely hamiltonian graphs of order n is generated. Assume by induction on the number of edges m that every uniquely hamiltonian graph of order n with at most m edges is generated at most once by the algorithm. Let G 1 and G 2 be two isomorphic uniquely hamiltonian graphs of order n with m + 1 edges that are both accepted by the algorithm. Let γ be an isomorphism from G 1 to G 2 and let e i = a i b i be the canonical edge from G i which was added in the last step of the algorithm, for i ∈ {1, 2} (so G i was obtained from G i − e i by adding e i ). Since e 1 and e 2 are both canonical edges, γ(e 1 ) is in the same orbit of edges as e 2 under the action of the automorphism group of G 2 . So there is an automorphism of G 2 which maps γ(e 1 ) to e 2 . But this automorphism induces an isomorphism γ from G 1 − e 1 to G 2 − e 2 . Thus, by our induction hypothesis, G 1 − e 1 and G 2 − e 2 are the same graph and hence γ is an automorphism which maps {a 1 , b 1 } to {a 2 , b 2 }. So {a 1 , b 1 } is in the same orbit of non-adjacent vertex pairs as {a 2 , b 2 }, while our algorithm only inserts an edge for one representative of every orbit of non-adjacent vertex pairs.
Extensions of the generation algorithm 2.2.1. Generation of graphs with k > 1 hamiltonian cycles
Our algorithm for uniquely hamiltonian graphs from Section 2.2 can be easily extended to generate (hamiltonian) graphs with at most or exactly k > 1 hamiltonian cycles. The modified algorithm still starts from a cycle of order n, but now on line 6 of Algorithm 1 we have to test if G has at most k hamiltonian cycles instead of testing if G is uniquely hamiltonian. (Note that some of the invariants in x 0 , . . . , x 6 have to be adapted or omitted as e.g. x 2 relies on the fact that the graph only contains one hamiltonian cycle.)
If we only want to generate hamiltonian graphs with exactly (instead of at most) k hamiltonian cycles, we nevertheless have to count the number of hamiltonian cycles before outputting the graphs. (Note that this method is not particularly efficient to generate graphs with exactly k hamiltonian graphs for large values of k.) It is also clear that our algorithm is not very efficient to generate all graphs with k hamiltonian cycles for large values of k-however, our experiments indicate that our algorithm is significantly more efficient than previous algorithms for k ≤ 7.
The only other modification which is required is in the definition of reducible edge. Given a hamiltonian graph G with at most k hamiltonian cycles, an edge e of G is reducible if and only if G − e is hamiltonian.
The proof of the following theorem is analogous to the proof of Theorem 2.1 and therefore omitted.
When the modified version of Algorithm 1 is applied to a cycle of order n, the algorithm outputs exactly one representative of every isomorphism class of hamiltonian graphs of order n with at most k hamiltonian cycles.
Generation of non-hamiltonian graphs
Similarly as in Section 2.2.1, Algorithm 1 can be adapted to generate non-hamiltonian graphs of order n efficiently. To this end, one has to start the algorithm from a graph consisting of n isolated vertices (instead of a cycle of order n). Now every edge is reducible. One can also adjust this for a specialised algorithm for only generating connected nonhamiltonian graphs by starting the generation from all trees on n vertices and defining an edge of a connected non-hamiltonian graph G to be reducible if and only if G − e is connected. However, as most non-hamiltonian graphs are connected, this will not be much faster than generating all non-hamiltonian graphs and filtering the connected graphs. (For example: more than 90 % of the non-hamiltonian graphs on 11 vertices are connected, and with increasing order this ratio increases as well.)
We close this section by mentioning that, since the algorithm only adds edges and never removes any edges, it is straightforward to extend it and restrict the generation to graphs with a given lower bound on the girth, planar graphs, graphs with an upper bound on the maximum degree, and many other interesting properties.
Results

Uniquely hamiltonian graphs
For a graph G, we shall denote by h(G) the number of hamiltonian cycles it contains.
Nearly cubic uniquely hamiltonian graphs
Cubic uniquely hamiltonian graphs do not exist by Smith's theorem. Following Entringer and Swart [11] , we call an n-vertex graph nearly cubic if exactly n−2 of its vertices are cubic, while the remaining two vertices are of degree 4. A uniquely hamiltonian graph contains at least two vertices of even degree, as we will show in the following lemma which essentially belongs to Thomason:
Proof. Thomason [30] showed that in a graph containing only vertices of odd degree, every edge is contained in an even number of hamiltonian cycles. Therefore, a hamiltonian graph containing only vertices of odd degree has at least three hamiltonian cycles. So in a graph with exactly one or two hamiltonian cycles there must be at least one vertex of even degree. Suppose there exists a uniquely hamiltonian graph G with exactly one vertex u of even degree. If the degree of u is not 2 (and thus at least 4), removing an edge uv which does not lie on the hamiltonian cycle of G is a uniquely hamiltonian graph with all vertices of odd degree except for v. We iterate this procedure until the degree of the vertex of even degree, which we call w, is 2, and we denote the neighbours of w by w and w . Let G 1 and G 2 be disjoint copies of G − w, and w i and w i the respective copies of w and w . Then G 1 ∪ G 2 to which we add the edges w 1 w 2 and w 1 w 2 yields a uniquely hamiltonian graph in which all vertices have odd degree. However, this contradicts Thomason's theorem. Thus, a uniquely hamiltonian graph must contain at least two vertices of even degree.
In contrast to Lemma 3.1, it was shown by Chia and Yu [10] that for every k ≥ 3 there exists a planar cyclically 3-edge-connected cubic graph with precisely k hamiltonian cycles. The argument is short: The 1-skeleta of prisms, i.e. the cartesian product of the n-cycle with K 2 , deal with all k = 4, while carefully combining two Tutte-fragments (first used in [34] ) yields the k = 4 case (we note that this construction has cyclical edge-connectivity 3). Many non-hamiltonian planar 3-connected cubic graphs are known-take for instance Thomassen's infinite family [31] . In fact, Thomassen's graphs as well as all prisms excluding the triangular one are cyclically 4-edge-connected.
Using the program plantri [9] we generated all planar cyclically 4-edge-connected cubic graphs up to 48 vertices and tested if any such graph contains exactly four hamiltonian cycles. The result is as follows. Drawings of the five planar cyclically 4-edge-connected cubic graphs with exactly four hamiltonian cycles on 42 vertices from Observation 1 can be found in Figure 6 in the Appendix. Hence, together with Lemma 3.1, we have:
For every non-negative integer k / ∈ {1, 2, 3} there exists a planar cyclically 4-edge-connected cubic graph with exactly k hamiltonian cycles, while for k ∈ {1, 2} there exist no such graphs with precisely k hamiltonian cycles.
Thus only the case k = 3 remains open, which relates to a conjecture due to Cantoni on which we focus in Section 3.2. We remark that if one subdivides one of the quadrilaterals present in the graph depicted in Figure 1 into an odd number of quadrilaterals by adding an even number 2k of (parallel) edges-we have illustrated the result of this operation for k = 1 in Figure 6c in the Appendix-, it follows that there exist infinitely many planar cyclically 4-edge-connected cubic graphs with exactly four hamiltonian cycles.
Let us now return to nearly cubic graphs. By Euler's degree sum formula, every nearly cubic graph has even order. Entringer and Swart [11] showed that for all even n ≥ 22 there exists a nearly cubic uniquely hamiltonian graph of order n. Recently, Royle presented a nearly cubic uniquely hamiltonian graph on 18 vertices [24] , noting that this is the smallest such graph. By modifying our algorithm from Section 2 for nearly cubic graphs, we verified this independently, addressed the last remaining open case, and determined the exact counts of such graphs for the smallest orders for which they occur:
There exists a nearly cubic uniquely hamiltonian graph of order n if and only if n is even and n ≥ 18. Royle's graph has girth 5 and is the only nearly cubic uniquely hamiltonian graph on 18 vertices. Furthermore, there are exactly 20 nearly cubic uniquely hamiltonian graphs of order 20, 337 of order 22, and 4592 of order 24. Finally, both the smallest nearly cubic uniquely hamiltonian graph of girth 3 as well as of girth 4 have order 20.
Royle's nearly cubic uniquely hamiltonian graph on 18 vertices is shown in Figure 2a . There is precisely one nearly cubic uniquely hamiltonian graph of girth 4 on 20 vertices and it is shown in Figure 2b . There are exactly 17 such graphs of girth 3 on 20 vertices, one of which is shown in Figure 2c . The nearly cubic graphs up to 24 vertices can also be downloaded from the House of Graphs [6] at http://hog.grinvin.org/UHG. Our focus on girth stems from a question of Fleischner [12, p. 176] , who asked whether there exist uniquely hamiltonian graphs without 2-valent vertices and of girth > 3. Entringer and Swart's aforementioned approach [11] yields graphs containing exactly two triangles. Seamone provides in [26] a method to construct nearly cubic triangle-free uniquely hamiltonian graphs, thereby giving an affirmative answer to Fleischner's question. However, he does not discuss concrete examples, in particular small ones. The graph mentioned above due to Royle [24] provides such a concrete example and Royle showed that there is no smaller uniquely hamiltonian graph of minimum degree at least 3. Theorem 3.4 expands on this.
The Bondy-Jackson conjecture
Conjecture (Bondy and Jackson [4] ). Every planar uniquely hamiltonian graph contains at least two vertices of degree 2.
(B)
Using our implementation of Algorithm 1 from Section 2, we generated all planar uniquely hamiltonian graphs with girth at least 3, 4, and 5 up to certain orders, see Table 1 . (We used Boyer and Myrvold's algorithm [5] While performing these computations, we verified that none of the generated graphs is a counterexample to (B). That is:
Observation 3.5. The conjecture of Bondy and Jackson (B) is true for graphs up to order 16, for graphs of girth at least 4 up to order 19, and for graphs of girth at least 5 up to order 23.
If we relax the planarity condition in (B) to "having genus 1", we can give a counterexample on only 11 vertices-it is shown in Figure 3 . More specifically, we determined that there are exactly two uniquely hamiltonian graphs with at most one vertex of degree 2 on 11 vertices, exactly 20 on 12 vertices, none on smaller orders, and that all of these 22 examples have genus 1. Furthermore, the smallest toric counterexample of girth 4 (girth 5) has order 13 (order 14). Using the aforementioned findings and observing that we can replace cubic vertices with triangles iteratively without altering neither the number of hamiltonian cycles nor the number of 2-valent vertices, nor the genus, we obtain the following result. What if we replace "uniquely hamiltonian graph" by "containing exactly two hamiltonian cycles" in the Bondy-Jackson conjecture? By subdividing an arbitrary edge once in a planar cubic graph with exactly three hamiltonian cycles-discussed in detail in Section 3.2-, we obtain infinitely many planar graphs with exactly two hamiltonian cycles having precisely one 2-valent vertex. The smallest such graph is K 4 with one subdivided edge. The next theorem addresses, among other things, the situation for minimum degree 3.
Theorem 3.7. The following statements are equivalent.
1. There exists a counterexample to (B) of minimum degree at least 3.
2. There exists a counterexample to (B) containing exactly one vertex of degree 2.
3. There exist infinitely many counterexamples to (B).
4. There exists a planar graph with exactly two hamiltonian cycles and minimum degree at least 3.
5.
There exists a planar non-hamiltonian n-vertex graph with exactly one (n − 1)-cycle, no vertex of degree 0 or 1 and at most one vertex of degree 2.
Proof. Let G be a counterexample to (B) of minimum degree at least 3. Consider an edge e on the unique hamiltonian cycle of G. Adding a vertex on e yields a counterexample to (B) containing exactly one 2-valent vertex. Now let G be a counterexample to (B) containing precisely one vertex of degree 2. We use the same idea as in the proof of Lemma 3.1 and obtain a counterexample to (B) of minimum degree at least 3. We have shown the equivalence of statements 1 and 2. These arguments immediately yield that if an n-vertex counterexample to (B) exists, then there are such counterexamples of order kn where k is any power of 2.
We now show the equivalence of the existence of a counterexample to (B) and statement 4. Suppose G is a planar graph with minimum degree at least 3 and containing exactly two hamiltonian cycles h 1 and h 2 . We can then subdivide once an edge in E(h 1 ) \ E(h 2 ) and obtain a uniquely hamiltonian graph G . All vertices in G (which we see as a subgraph of G ) have the same degree as in G , so G contains exactly one vertex of degree 2, and clearly G is planar. This means that we have obtained a counterexample to (B).
Assume now that there is a counterexample G to (B). Without loss of generality we may suppose that G has minimum degree at least 3. We denote the hamiltonian cycle in G by h. Consider, for adjacent vertices x, y in G such that xy lies on h, the graph
There are exactly two hamiltonian xy-paths in G [{x, y, v 1 , v 2 }] and there is exactly one hamiltonian xy-path in G [V (G)]. Thus, G is a planar graph with minimum degree 3 and containing exactly two hamiltonian cycles.
Let us prove the equivalence of the existence of a counterexample to (B) and statement 5. Let G be an n-vertex counterexample to (B), which by above discussion we may assume to contain a 2-valent vertex w with neighbours w , w . Let G 1 and G 2 be disjoint copies of G − w − w 1 w 2 (we remove the edge w 1 w 2 only if it is present in G), and w i and w i the respective copies of w and w . In G 1 ∪ G 2 , we identify w 1 with w 2 and w 1 with w 2 , calling the respective resulting vertices v and v . We then add the edge between v and v and a vertex v on this new edge. We obtain the graph G of order 2n − 3. G is non-hamiltonian but contains exactly one (2n − 4)-cycle (which avoids v) and is clearly planar.
Let G be a graph satisfying the properties given in statement 5. We denote its unique (n − 1)-cycle by c, and by v the vertex not contained in c. Let v 1 , . . . , v d be the neighbours of v. Observe that G may contain a vertex of degree 2 and that this can be v. This makes no difference in the arguments that follow. The graph G − v = G is uniquely hamiltonian and planar. If all but at most one vertices of G have degree at least 3, then we have a counterexample to (B) and we are done.
The degrees of the vertices which are not v 1 , . . . , v d remain unchanged when we remove v from G. Thus, we must now take care of the degrees of v 1 , . . . , v d . This is achieved by adding edges v i v i+1 where necessary. Note that if G + v i v i+1 contains a new hamiltonian cycle h, then this cycle must use v i v i+1 ; but then replacing in h the edge v i v i+1 with the path v i vv i+1 , we obtain a hamiltonian cycle in G, a contradiction, as G was assumed to be non-hamiltonian. If the degrees of v i and v i+1 in G are already at least 3 then it is not necessary to add an edge. Otherwise the degrees of v i and v i+1 are at least 2 since from each vertex only exactly one incident edge was removed. (In G, the vertex v i could not have had degree 2 as then c would have visited v.)
We still need to deal with the case when v i v i+1 ∈ E(G). We now prove that in this situation the degrees of v i and v i+1 were already sufficiently large. If v i and v i+1 are adjacent in G, then v i v i+1 / ∈ E(c), as discussed above. Thus, each of v i and v i+1 is incident with at least two further edges, namely the edges lying on c. Together with the edge v i v i+1 we obtain that the degrees of v i and v i+1 are at least 3 in G , and that it is not necessary to add an edge between these two vertices.
Therefore, we can modify the graph G such that all of its vertices have degree at least 3, with the possible exception of at most one vertex of degree 2 already present in G. It is clear that the edges v i v i+1 can be added such that the graph remains planar. This graph we have constructed is a counterexample to (B).
The proof of the following observation consists of two parts. Firstly, consider the infinite family of planar non-hamiltonian graphs with a unique (n − 1)-cycle and exactly two vertices of degree 2 from Figure 4 , left-hand side. The maximum degree of this family of graphs is unbounded. The right-hand side of Figure 4 shows an infinite family of such graphs in which the maximum degree of each member is bounded above by 4. Secondly, using a computer, we verified that there exist no planar non-hamiltonian graphs of order n < 10 containing exactly one (n − 1)-cycle, exactly two vertices of degree 2 and all other vertices of degree at least 3. 
Thomassen's Conjecture and a Question of Royle
It is a natural question to ask for the smallest order of a uniquely hamiltonian graph with a certain minimum degree δ or connectivity κ. For δ = 2 and κ = 2 the answer is trivial, namely K 3 . There are many such graphs as presented in other sections of this article. For both δ = 3 and κ = 3 the answer is 18 and was given by Royle [24] using a computer, see Figure 2a for an example. In [12] , Fleischner describes uniquely hamiltonian graphs in which every vertex has degree 4 or 14. His smallest example of connectivity 2 has 338 vertices, while the smallest graph of connectivity 3 he constructs has order 408. Thus, the smallest uniquely hamiltonian graph with δ = 4 has order at least 18 and at most 338. To the best of our knowledge, no uniquely hamiltonian graph of minimum degree at least 5 is known.
Concerning κ ≥ 4, Fleischner conjectured [12, p. 176] that every uniquely hamiltonian graph has connectivity at most 3. It seems that the first explicit construction of a 3-connected uniquely hamiltonian graph is due to Grinberg [15] , and his example is of the same order (18) and only one edge larger than the smallest example there is, which was determined by Royle using a computer [24] . Aldred and Thomassen also described a 3-connected uniquely hamiltonian graph, see [18] . By replacing in these graphs cubic vertices (which they all contain) with triangles, we obtain infinitely many such graphs. Using Seamone's technique [26] we can render them triangle-free.
We now state the following intriguing conjecture of Thomassen concerning uniquely hamiltonian graphs with minimum degree at least 3, and discuss its connection with a recent question of Royle.
Conjecture (Thomassen [32] ). Every hamiltonian graph G of minimum degree at least 3 contains an edge e such that both G − e and G/e are hamiltonian.
(T) (Recall that G−e stands for removing the edge but not its endpoints and G/e denotes the graph obtained by contracting the edge e from G.) If G contains at least two hamiltonian cycles, then any edge contained in one but not the other hamiltonian cycle satisfies the condition from (T), so the conjecture's veracity is open exactly for the family of uniquely hamiltonian graphs. Let a graph G contain exactly one hamiltonian cycle h. Clearly, G − e is non-hamiltonian for every e ∈ E(h), so candidate edges vw satisfying (T) must lie in E(G) \ E(h). For such an edge vw we have that G/vw is hamiltonian if and only if G − v or G − w is hamiltonian (possibly both).
Royle recently asked (personal communication) whether uniquely hamiltonian graphs of minimum degree 3 and without (n − 1)-cycles exist. If such a graph would be found, it would constitute a counterexample to (T).
Recall that Royle [24] showed that the smallest uniquely hamiltonian graphs with minimum degree at least 3 have order 18. Royle's result implies the first statement of the following observation. The other statements were obtained using our implementation of Algorithm 1 combined with a separate program which tests if each generated graph G contains an edge e such that both G − e and G/e are hamiltonian. Observation 3.9. Thomassen's conjecture (T) is true for graphs up to order 17, for graphs of girth at least 4 up to order 18, for graphs of girth at least 5 up to order 22, and for nearly cubic graphs up to order 24.
The number of uniquely hamiltonian graphs with girth at least 5 and minimum degree at least 3 is shown in Table 2 . These graphs can be downloaded from the House of Graphs [6] at http://hog.grinvin.org/UHG.
By extending our algorithm from Section 2 to only generate uniquely hamiltonian graphs without (n − 1)-cycles, we were also able to look into Royle's question which led to the following observation. < 18 18 19 20 21 22  Number of graphs  0  2  1  2 25 33   Table 2 : The number of uniquely hamiltonian graphs with girth at least 5 and minimum degree at least 3. All of these graphs have girth 5 and minimum degree 3. We also verified that there are no uniquely hamiltonian graphs with girth 4 and minimum degree at least 3 on 18 (or less) vertices.
Order
Observation 3.10. There are no uniquely hamiltonian graphs of minimum degree at least 3 without (n−1)-cycles up to order 18. Furthermore, there are no uniquely hamiltonian graphs of minimum degree at least 3 and girth at least 4 (resp. 5) without (n−1)-cycles up to order 19 (resp. 23).
Sheehan's conjecture
We recall a conjecture of Sheehan from 1974:
Conjecture (Sheehan [27] ). There is no uniquely hamiltonian 4-regular graph.
(S)
Petersen's 2-Factor Theorem [23] states that every (2k)-regular graph can be decomposed into k edge-disjoint 2-factors. Hence, if (S) is true, then the only regular uniquely hamiltonian graphs are cycles.
In [17] Haythorpe computationally determined the minimum number of hamiltonian cycles among all hamiltonian k-regular graphs of a given small order for 4 ≤ k ≤ 7. In particular, he determined the minimum non-zero number of hamiltonian cycles in 4-regular hamiltonian graphs up to 16 vertices and in 4-regular hamiltonian graphs of connectivity 2 up to 18 vertices.
Using the generator for regular graphs genreg [22] we generated all 4-regular graphs up to 21 vertices and determined the minimum number of hamiltonian cycles for each order. The results, together with the counts for girth at least 4 and 5, are listed in Table 3 . Note the striking drop in the minimum non-zero number of hamiltonian cycles for 4-regular graphs of girth at least 4 for orders 12 and 20.
Our results from Table 3 imply the following.
Observation 3.11. Sheehan's conjecture (S) is true for graphs on up to 21 vertices. Furthermore, the conjecture is true for 4-regular graphs with girth at least 5 up to 26 vertices.
Haythorpe [17] describes an infinite family of 4-regular graphs based on K 5 and the 1skeleton of the octahedron. With a few minor additions we obtain the following result, which essentially belongs to him: Observation 3.12. There exists a 4-regular graph of order n with exactly 36 · 2 n 5 −2 hamiltonian cycles for every n ∈ {10, 15, 16, 20, 21, 22, 25, 26, 27 , 28} and all n ≥ 30.
Cubic graphs with exactly three hamiltonian cycles
It follows from Smith's result that a hamiltonian cubic graph contains at least three hamiltonian cycles. We devote this section to the study of the extremal case of cubic graphs Table 3 : The minimum number of hamiltonian cycles among all 4-regular hamiltonian graphs of girth at least 3, 4, and 5 for that order. The symbol "-" indicates that no 4-regular graphs of that order and girth exist. The numbers in parentheses indicate how many graphs of that order have the minimum non-zero number of hamiltonian cycles. For the columns regarding girth at least 4 and 5, respectively, there is in each case only one graph with the minimum non-zero number of hamiltonian cycles.
containing precisely three hamiltonian cycles, the smallest of which is K 4 . Note that these three hamiltonian cycles together cover each edge exactly twice and thus form a cycle double cover with the smallest possible number of cycles. For a brief overview of results on cubic graphs with exactly three hamiltonian cycles, see [18] . In such a graph G, for each vertex v in G any pair of distinct edges incident with v is traversed by exactly one hamiltonian cycle of G. By starting with K 4 and replacing vertices by triangles one can construct for every k ≥ 2 a polyhedral cubic graph of order n = 2k with exactly three hamiltonian cycles. These graphs clearly have girth 3. Are there triangle-free graphs with exactly three hamiltonian cycles? (Note that we do not require planarity at this point.) In order to address this question we make use of ideas of Chia and Yu [10] , which we now briefly introduce. Clearly, between any two vertices of a triangle T in a cubic graph there is exactly one path visiting every vertex of the triangle, and T is separated from the rest of the graph by a 3-edge-cut. Thus, we can replace T with a so-called "tup", a graph introduced in [10]:
A tup is a graph in which all but three vertices are cubic, the three exceptional vertices have degree 2, and between any two such vertices there is exactly one hamiltonian path.
One can make from any cubic graph with three hamiltonian cycles a tup by removing one of the graph's vertices. Given a cubic graph G and a vertex v in G, one can replace v with a tup H, where each neighbour of v in G is connected by an edge to one of the 2-valent vertices of H. The resulting graph will have the same number of hamiltonian cycles as G.
In fact G − v is a tup. More generally, when we consider two tups H and H and join their 2-valent vertices by edges using a bijection, we say that we merge H and H and write H •H for the graph we obtain. When a vertex v and a tup H are merged, we are referring to the graph
Chia and Yu [10] proved that a cubic graph G has exactly three hamiltonian cycles if and only if G is the merger of two tups, or of a vertex and a tup. We shall use the family of generalised Petersen graphs GP(n, k) = {u 0 , . . . , u n−1 , v 0 , . . . , v n−1 },
with indices mod n and k < n/2.
Schwenk [25] proved that h(GP(n, 2)) = 3 if and only if n ≡ 3 mod 6. These graphs have girth 5, so they yield an infinite family of triangle-free cubic graphs with exactly three hamiltonian cycles. The question now is whether there are other such graphs-the answer is yes, but no small ones:
Theorem 3.13. The only triangle-free cubic graphs of order at most 32 with exactly three hamiltonian cycles are GP(9, 2) and GP (15, 2) . However, for every k ≥ 19 there exists a cubic graph of order 2k and girth 4 having exactly three hamiltonian cycles, and for every ≥ 17 there exists a cubic graph of order 2 and girth 5 with exactly three hamiltonian cycles.
Proof. For the first statement we ran the program snarkhunter [7, 8] to generate all cubic graphs up to 32 vertices and used a separate program to count the number of hamiltonian cycles of the generated graphs. This allowed us to determine all cubic graphs with exactly 0, 3, or > 3 hamiltonian cycles up to 32 vertices, see Tables 7-9 in the Appendix.
We now show the third statement. For k ≡ 3 mod 6 we know that GP(k, 2) is a cubic graph of order 2k and girth 5 which has exactly three hamiltonian cycles. For a graph G we denote with G * the removal of an arbitrary vertex of G. Removing a vertex v from GP(9, 2) yields the tup G 1 of order 17 with 2-valent vertices x, y, z. Moreover, consider the tups
and
These graphs have order 19, 21, and 23, respectively. Merging the tup G 1 with the tups G 1 , G 2 , G 3 , G 4 yields graphs of order 34, 36, 38, 40. For order 42, consider GP (21, 2) . For order 44, merge G 3 and G 4 carefully (to ensure that the resulting graph has girth 5): if v 1 , v 3 , v 4 are the exceptional 2-valent vertices of G 3 and v 3 , v 5 , v 6 are the exceptional 2-valent vertices of G 4 , then join v 1 with v 6 , v 3 with v 3 , and v 4 with v 5 . For order 46, merge two copies G 4 : if v 3 , v 5 , v 6 are the exceptional 2-valent vertices of the first copy and v 3 , v 5 , v 6 are the exceptional 2-valent vertices of the second copy, then join v 3 with v 5 , v 5 with v 3 , and v 6 with v 6 . For order 48, consider GP (15, 2) , remove a vertex, and apply the same operation as above with which we obtained G 2 from G 1 . We obtain a 31-vertex tup which we merge with G 1 , which has order 17, yielding our desired graph. We have described cubic graphs T n of girth 5 containing exactly three hamiltonian cycles-the straightforward verification of the details, in particular concerning the girth requirement, are left to the reader-of all even orders n in 34, . . . , 48.
For orders ≥ 50, consider {GP(k, 2) * • T * n : k ≡ 3 mod 6, n ∈ {34, 36, 38, 40, 42, 44}}.
Similar techniques yield the theorem's second statement.
It remains an open question whether there exist cubic graphs of girth 4 with exactly three hamiltonian cycles that have order 34 or 36.
Using the program snarkhunter [7, 8] we also verified that there are no cubic graphs with exactly three hamiltonian cycles of girth 6 up to order 36, none of girth 7 up to order 40, none of girth 8 up to order 46, and none of girth 9 up to order 64. Theorem 3.14. Let G be a graph in which all vertices have odd degree, and containing exactly p hamiltonian cycles, where p is a prime number. Then G is 3-connected.
Proof. Since p ≥ 2, G is hamiltonian, so it must be 2-connected. Suppose G has connectivity 2. Then it contains a 2-cut X = {x, y} whose removal from G yields exactly two components C, C . (If more than two components are present, we obtain a contradiction to the hamiltonicity of G by a simple toughness argument.) Denote the degrees of x and y in F = G[V (C) ∪ X] by d x and d y , respectively. We can assume that either F or G[V (C ) ∪ X], say F , contains exactly one hamiltonian xy-path: if they would both contain more than one such path, say k ≥ 2 and k ≥ 2 respectively, then G would contain kk hamiltonian cycles, but this is impossible as G contains a prime number of hamiltonian cycles. Three situations can occur: Case 1. Both d x and d y are even. Consider the graph
All vertices in G 1 have odd degree and G 1 contains exactly two hamiltonian cycles, as F contains exactly one hamiltonian xy-path and G 1 [{x, y, v i } 4 i=1 ] contains exactly two hamiltonian xy-paths. Case 2. d x is even while d y is odd. Consider a copy F of F − xy and denote the copy of x (y) in F by x (y ). In (F − xy) ∪ F , identify x with y and y with x . Denote the graph we obtain by G 2 . All vertices in G 2 have odd degree and G 2 is uniquely hamiltonian. 
The graph G 3 contains only vertices of odd degree and G 3 contains exactly two hamiltonian cycles.
Each of the above cases leads to a contradiction, since by Thomason's theorem a hamiltonian graph in which all vertices are of odd degree contains at least three hamiltonian cycles.
Conjecture (Cantoni [35] ). Every cubic planar graph with exactly three hamiltonian cycles contains a triangle.
(C)
Every cubic planar graph G with exactly three hamiltonian cycles has connectivity 3 by above theorem. Furthermore, every vertex-deleted subgraph of G must be hamiltonian-in particular, G cannot be bipartite-by Thomason's Corollary 1.5 in [30] which states that in any cubic graph H we have h(H − v) = h(H) mod 2 for every vertex v in H.
It was shown by Fowler (see page 30 of [13] ) that if G is a cubic planar graph with exactly three hamiltonian cycles, then the statement "G contains a triangle", i.e. (C), is equivalent to the statement "G is uniquely edge-3-colourable." For further definitions and details we refer to Fowler's thesis.
Using the program plantri [9] we generated all planar 3-connected triangle-free cubic graphs up to 48 vertices and tested if any such graph contains exactly three hamiltonian cycles. This resulted in the following observation.
Observation 3.15. Cantoni's conjecture (C) is true up to at least 48 vertices. Furthermore, we also verified that there are no planar 3-connected cubic graphs of girth 5 with exactly three hamiltonian cycles up to at least 62 vertices.
Uniquely traceable graphs
Motivated by results on uniquely hamiltonian graphs, we now study a natural variation of the concept and call a graph uniquely traceable if it contains exactly one hamiltonian path. Sheehan's [28, Theorem 1] states that a uniquely hamiltonian graph of order n ≥ 3 has size at most n 2 4 + 1. This upper bound is sharp as Sheehan constructed for every n ≥ 3 an nvertex uniquely hamiltonian graph of maximum size. He claims in [28, Theorem 2] that these are the only graphs reaching the bound. However, Barefoot and Entringer showed that for n ≥ 7 there are exactly 2 n 2 −4 such graphs [2] , so for uniquely hamiltonian graphs of order at most 8 Sheehan's Theorem 2 does hold, but for n ≥ 9 it does not. Sheehan writes [28] : "An analogous result to Theorem 1 can easily be obtained when instead of Hamiltonian circuits we consider Hamiltonian paths. In this case h(n) [the maximum size of an n-vertex uniquely hamiltonian graph] is replaced by [n 2 /4]−[n/2]+1, and the extremal graph is again unique." In the following we shall confirm Sheehan's size bound, but disprove his uniqueness claim. Observation 3.16. Let G be a uniquely traceable graph. Then G has exactly two vertices of degree 1, namely the starting point and endpoint of the hamiltonian path. In particular, G has connectivity 1. Furthermore, identifying the endpoints of the hamiltonian path of G, we obtain a uniquely hamiltonian graph. Conversely, if a uniquely hamiltonian graph contains a vertex of degree 2, then splitting this vertex into two vertices of degree 1 yields a uniquely traceable graph.
Proof. We denote the unique hamiltonian path of G by v 1 . . . v n . Assume that the degree of v 1 is at least 2. Then v 1 is adjacent to v i for some i ≥ 3.
. v n is a second hamiltonian path in G, a contradiction. So v 1 and analogously v n must have degree 1.
Denote the graph resulting from the identification of v 1 and v n by G , and let v be the vertex in G obtained by identifying v 1 and v n . Combining that G − v contains exactly one hamiltonian v 2 v n−1 -path (otherwise G would not be uniquely traceable) with the fact that, due to the argument above, v has degree 2, the graph G is uniquely hamiltonian. The converse argument is very similar. Theorem 3.17. Let n ≥ 2. Then the following hold.
1.
A uniquely traceable graph of order n has at most s(n) = (n−1) 2 4 + 1 edges.
2.
For every m such that n − 1 ≤ m ≤ s(n) there exists a uniquely traceable graph of order n and size m.
3. There exist exactly max 1, 2
uniquely traceable graphs of order n and size s(n).
Proof. Barefoot and Entringer [2] showed that for every n ≥ 7 there exist uniquely hamiltonian graphs of order n and size s(n + 1), and no such graphs of greater size. Statement 1 now follows: for n < 8 it is elementary to verify, so consider henceforth n ≥ 8. Assume that there exists an n-vertex uniquely traceable graph G of size greater than s(n). Using Observation 3.16, if we identify the 1-valent vertices of G, we obtain a uniquely hamiltonian graph of order n − 1 and size greater than s(n). This however contradicts the result of Barefoot and Entringer. They also describe the following crucial property of uniquely hamiltonian graphs of order n and size s(n + 1): there is always a 5-vertex subpath of the hamiltonian cycle such that the degrees of these vertices are 2, n−1, 2, n−2, 3, respectively, and all other vertices have degree more than 2 and less than n − 2. Thus, if we use the two vertices of degree 2 to produce uniquely traceable graphs (see Observation 3.16), we obtain two non-isomorphic graphs by a valency argument. Two uniquely traceable graphs that are constructed from non-isomorphic uniquely hamiltonian graphs of order n and size s(n+1) must themselves be non-isomorphic. Barefoot and Entringer showed that there are exactly 2 n 2 −4 uniquely hamiltonian graphs of order n and maximum size. We thus obtain t(n + 1) = 2 · 2 n 2 −4 uniquely traceable graphs of order n + 1 and maximum size. Consider such a uniquely traceable graph G of maximum size. In G, we call edges not belonging to its unique hamiltonian path chords. Removing chords from G one-by-one yields statement 2.
For statement 3, suppose that there are more than t(n) uniquely traceable graphs of order n. This means that there exists a uniquely traceable graph G of order n and size s(n) which was not obtained from an (n − 1)-vertex uniquely hamiltonian graph G of size s(n) by splitting a vertex of degree 2 into two 1-valent vertices. However, identifying in G its 1-valent vertices, by Observation 3.16 we obtain a uniquely hamiltonian graph of order n − 1 and, since identifying did not change the size, exactly s(n) edges, a contradiction. Hence, each uniquely traceable graph of maximum size can be constructed from a uniquely hamiltonian graph of maximum size, and thus we find all uniquely traceable graphs of order n ≥ 8 and maximum size from the uniquely hamiltonian graphs of order n − 1.
Finally, for n ≤ 7 the unique uniquely traceable graphs of order n and size s(n) are the paths for n ≤ 4 and the graphs shown in Figure 5 for n ∈ {5, 6, 7}. (These can be obtained from the unique uniquely hamiltonian graphs of order at most 6 and of maximum size.) 
Remarks on computational results
We implemented the algorithm from Section 2 in C. Our program is called generateUHG and its source code can be downloaded from [14] . We used this program to generate complete lists of all non-isomorphic graphs with exactly k hamiltonian cycles of a given order (and a given lower bound on the girth) for various values of k. The main computational results for uniquely hamiltonian graphs are listed in this section. (The counts of planar uniquely hamiltonian graphs were already reported in Table 1 from Section 3.1 in the context of the Bondy-Jackson conjecture.) Additional tables with counts of graphs with exactly k hamiltonian cycles for k = 1 and counts for cubic graphs can be found in the Appendix. Table 4 lists the counts of uniquely hamiltonian graphs with girth at least 3, 4 and 5. The running times of our program are reported in Table 5 . The code was compiled using gcc and was performed on Intel Xeon E5-2680 CPU's at 2.60GHz. The running times for the larger orders include a small overhead due to parallelisation. The total computational effort for this project amounted to 40 CPU years and the most time-consuming computations were the generation of all uniquely hamiltonian graphs on 15 vertices and the test if any cubic graphs on 32 vertices contain exactly three hamiltonian cycles (which required 11 and 20 CPU years, respectively).
We also compared the running times of our program generateUHG to the approach of using the program geng [19, 21] to generate all graphs and then filtering the uniquely hamiltonian graphs (which was, as far as we are aware, up until now the only available method in the literature to generate all uniquely hamiltonian graphs of a given order). Our program is about 200 times faster than the filter approach for generating uniquely hamiltonian graphs of order 11. For order 12 it is 600 times faster than the filter approach and for order 13 about 3000 times faster.
The graphs from Tables 1 and 4 can be downloaded from the House of Graphs [6] at http://hog.grinvin.org/UHG.
Correctness testing
It is important to independently verify computational results to minimise the chance of programming errors. The counts of all (connected) non-hamiltonian graphs up to 12 vertices Order # UH graphs girth ≥ 4 girth ≥ 5   3  1  0  0  4  2  1  0  5  3  1  1  6  12  2  1  7  49  3  1  8  482  11  3  9  6 380  38  4  10  135 252  250  10  11 3 were already on the On-Line Encyclopedia of Integer Sequences [29] (i.e. sequence A126149) and are in complete agreement with our results from Table 6 . We also used the program geng [19, 21] to generate all graphs up to 13 vertices and used a separate program to count the number of hamiltonian cycles of the generated graphs (cf. Table 6 in the Appendix). Also here the results were in complete agreement with the counts we obtained using our generator for graphs with exactly k hamiltonian cycles. Furthermore we also used geng to compute all uniquely hamiltonian graphs of girth at least 4 up to 16 vertices and all uniquely hamiltonian graphs of girth at least 5 up to 20 vertices. Also these counts were in complete agreement with the results from Table 4 . Similarly, we used the program snarkhunter [8] to generate all cubic graphs up to 32 vertices and used a separate program to count the number of hamiltonian cycles of the generated graphs (cf. Table 7 ). By restricting the maximum degree to three in our generator for graphs with k hamiltonian cycles, we were able to verify these results up to 20 vertices. Figure 6 : The five planar cyclically 4-edge-connected cubic graphs with exactly four hamiltonian cycles on 42 vertices from Observation 1.
